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9. Teorie provozniho zatizeni

Zakladatelem je dansky védec A.K.Erlang (1878 — 1920), je jednou ze skupin systému
hromadné obsluhy. Matematicky model systému rozdélovani informaci se sklada ze tfech
zakladnich ¢asti:

= vstupni tok volani (poZadavky na obsluhu)
» schéma systému rozdélovani informaci

= obsluha toku volani

Charakteristika zpusobu obsluhy zatizeni:
= se ztratami
= s Cekacimi dobami

= kombinovana obsluha

zdroj zatizeni: generuje zatizeni (nabizené zatizeni A), systém hromadné obsluhy

zpracovava pozadavky zdrojli, obslouzné zatizeni = pfenesené zatizeni Y.
Jeden z predpokladu Erlangova rozlozeni - pocet zdroju je mnohem vétSi nez pocet vedeni
pocet zdrojii zat. >> pocet vedeni: cca pomér 20:1

Jinak se pfesnéjsi vysledky dosahnou pouzitim Engsetova modelu.

blokovany provoz: pokud pfichazi poZadavek zdroje ve chvili, kdy jsou spojovaci svazky

zcela vytizeny, miize systém obsluhy riizné zareagovat

A. se ztratami:

pozadavek odmitnut (obsazovaci ton)

B.. s €ekacimi dobami:

pozadavek neni odmitnut, vstupuje do fronty a ¢eka na obslouzeni
C. kombinovana obsluha:

poZadavek vstupuje do fronty, €eka na obslouZeni, po pfekro€eni definované doby &ekani je

odmitnut
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9.1. Modely provozniho zatizeni:

Erlang B - pocet zdrojl zatizeni >> pocCet vedeni, se ztratami

Erlang C - pocet zdrojl zatizeni >> pocet vedeni, s ¢ekacimi dobami
Engset - konecny pocet zdrojl, systém s ¢ekacimi dobami

Poisson - pocet zdrojli zatizeni >> pocet vedeni, kombinovana obsluha

Z&klady teorie provozniho zatizeni byly poloZzeny pracemi A.K. Erlanga v letech 1908 — 1918
pfi sledovani propustnosti plné dostupného svazku vedeni, ktery obsahoval jednoduchy tok

volani se ztratami a s Cekacimi dobami. Dal&i prace potvrzovaly, rozvijely a provéfovaly jeho

vysledky.
R=A-Y [Er]
R .. ztracené zatizeni
A L nabizené zatiZeni
Y ... pfenesené zatiZzeni
HPH ... hlavni provozni hodina, ¢tyfi po sobé jdouci 15-ti minutové intervaly

s nejvétSim provoznim zatizenim

BHCA (Busy Hour Call Attemts),
BHCC (Busy Hour Call Completitions)
BHT  (Busy Hour Traffic)

CPS (Call per Second)

AHT  (Average Hold Time)

V HPH je zpracovano cca 15% celkového denniho zatizeni. Primérna doba hovoru se

pohybuje mezi 180 az 120 sec.
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GoS (Grade of Service) uroven sluzby

Je definovana jako pravdépodobnost, ze pozadavky volani nebudou obslouzeny z ddvodu
obsazeni vedeni. Udava se parametrem P.xx, kde xx je procento blokovanych volani
systémem obsluhy. P.01 GoS znamena 1% ztracenych volani, P.00 GoS je idealni hodnota

pro systém bez blokovani .

Pa..... pravdépodobnost bezchybné manipulace volajiciho (cca 0,9)
Pb..... pravdépodobnost nedostupnosti volaného (cca 0,8)

Pc .... pravdépodobnost dostupnosti technickych prostfedk( spojovaciho a

prenosového systému (cca 1), Pc=1 - GoS

Celkova dostupnost = Pa - Pb - Pc

k.... koncentrace zatizeni, pokud analyzujeme kfivku denniho provozniho zatizeni a dame do

pomeéru prenesené zatizeni v HPH a celkové pfenesné zatizeni

Y,
k= PH  100%

Yc

9.2. Erlangovy rovnice.

zatizeni Y [Erl] , 1Erl — vedeni obsazené po dobu jedné hodiny

Y(t,,1,) [Er]

I

t, ... cekova doba obsazeni i, po dobu pozorovani v intervalu (¢,,7, )

1

N .... poCet vedeni ve svazku
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Erlangova B formule vychazi z Erlangova rozdéleni:

Ai
_ 1
pi - ﬁ: A]
=0 J!
Di e pravdépodobnost obsazeni i — vedeni
A ... nabizené zatizeni

Pravdépodobnost ztraty uréime po dosazeni za i=N, tzn. hledame pravdépodobnost obsazeni
vS8ech vedeni svazku. Dostavame prvni Erlangovu rovnici oznaCovanou jako Erlang B, ktera
plati pro systémy se ztratami za pfedpokladu, Ze pocet zdrojl zatiZzeni je mnohem vétsi nez
pocet vedeni svazku, funkce rozdéleni pravdépodobnosti ma exponencialni charakter a ve

svazku se predpoklada ustaleny stav (po€et ukoncenych volani = po€et pfichozich volani).

AN
N
E (4)= N ERLANG B, prvni rovnice

1

Pro systémy pracujici s ¢ekacimi dobami Erlangova druha rovnice ur€uje pravdépodobnost,

Ze pfichozi volani bude Cekat.

A4~ N
Eyy(4) = — A’N ! A]Y, = AN ERLANG C, druha rovnice
E— +7-
o i N! N-4

Stfedni ¢ekaci dobu volani (za predpokladu konstantni doby obsazeni) Ize vypocist ze vztahu:

t
t,(A)=—2—E t, .... pramérna doba hovoru
N—A 2N 0
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9.3 Engsetova a Poissonova rovnice, pouZziti modeld.

Engsetiiv model

....... parametr toku volani zdroje, kde n je pocet volnych zdrojl volani, kazdy z nich

vytvafi tok volani se stejnym parametrem o

@ )

k n—k)

Engsetova rovnice ma obecnéjsi platnost nez Erlang B , za podminky nekoneéného poctu

zdroju se da odvodit prvni Erlangova rovnice.

Poissoniv model.

P, (A)=1-¢

N-1 i
LA

i 1!

Pouziti modelll provozniho zatizeni

Erlang B

Designing public phone systems where:

blockage is very low and hence retries are uncommon (and can be neglected), or

blockage may be high, but blocked calls overflow to some other facility (modeled separately)
Grade of Service, non-USA Telcos

Grade of service in commercial (low blockage) networks

Poisson

Grade of Service, USA Telcos
Grade of service in commercial networks

PBX trunk sizing in large offices

Erlang C

Calculating staffing levels (i.e.. required agents) for customer call centers
Auto-Attendants, Auto Call Distributors (ACDs)
Latency in data transmission circuits

Bank Teller, Supermarket, etc. lines

Spojovaci soustavy , verze 1.2 Strana 7 miroslav.voznak@vsb.cz Leden, 2002




Voziak M., © FEI, VSB-TUO

Engset |Designing private phone systems (PBXs) where:
blockage is very low and hence retries are uncommon (and can be neglected), or

blockage may be high, but blocked calls overflow to some other facility (e.g. public phone

system)

9.4. Agner Krarup Erlang
(1878 - 1929)

A.K. Erlang was the first person to study the problem of telephone
networks. By studying a village telephone exchange he worked out a
formula, now known as Erlang's formula, to calculate the fraction of callers
attempting to call someone outside the village that must wait because all of
the lines are in use. Although Erlang's model is a simple one, the
mathematics underlying today's complex telephone networks is still based

on his work.

He was born at Lonborg, in Jutland, Denmark. His father, Hans Nielsen

Erlang, was the village schoolmaster and parish clerk. His mother was
Magdalene Krarup from an ecclesiastical family and had a well known Danish mathematician,
Thomas Fincke, amongst her ancestors. He had a brother, Frederik, who was two years older
and two younger sisters, Marie and Ingeborg. Agner spent his early school days with them at
his father's schoolhouse. Evenings were often spent reading a book with Frederik, who would
read it in the conventional way and Agner would sit on the opposite side and read it upside
down. At this time one of his favourite subjects was astronomy and he liked to write poems on
astronomical subjects. When he had finished his elementary education at the school he was
given further private tuition and succeeded in passing the Praeliminaereksamen (an
examination held at the University of Copenhagen) with distinction. He was then only 14 years

old and had to be given special entrance permission.

Agner returned home where he remained for two years, teaching at his father's school for two
years and continuing with his studies. He also learnt French and Latin during this period. By
the time he was 16 his father wanted him to go to university but money was scarce. A distant
family relation provided free accommodation for him while he prepared for his university
entrance examinations at the Frederiksborg Grammar School. He won a scholarship to the
University of Copenhagen and completed his studies there in 1901 as an MA with
mathematics as the main subject and astronomy, physics and chemistry as secondary

subjects.
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Over the next 7 years he taught in various schools. Even though his natural inclination was
toward scientific research, he proved to have excellent teaching qualities. He was not highly
sociable, he preferred to be an observer, and had a concise style of speech. His friends
nicknamed him "The Private Person". He used his summer holidays to travel abroad to
France, Sweden, Germany and Great Britain, visiting art galleries and libraries. While
teaching, he kept up his studies in mathematics and natural sciences. He was a member of
the Danish Mathematicians' Association through which he made contact with other
mathematicians including members of the Copenhagen Telephone Company. He went to work

for this company in 1908 as scientific collaborator and later as head of its laboratory.

Erlang at once started to work on applying the theory of probabilities to problems of telephone
traffic and in 1909 published his first work on it "The Theory of Probabilities and Telephone

Conversations"

proving that telephone calls distributed at random follow Poisson's law of
distribution. At the beginning he had no laboratory staff to help him, so he had to carry out all
the measurements of stray currents. He was often to be seen in the streets of Copenhagen,
accompanied by a workman carrying a ladder, which was used to climb down into manholes.
Further publications followed, the most important work was published in 1917 "Solution of
some Problems in the Theory of Probabilities of Significance in Automatic Telephone
Exchanges"@. This paper contained formulae for loss and waiting time, which are now well
known in the theory of telephone traffic. A comprehensive survey of his works is given in "The

life and works of A.K. Erlang"=.

Because of the growing interest in his work several of his papers were translated into English,
French and German. He wrote up his work in a very brief style, sometimes omitting the proofs,
which made the work difficult for non-specialists in this field to understand. It is known that a
researcher from the Bell Telephone Laboratories in the USA learnt Danish in order to be able

to read Erlang's papers in the original language.

His work on the theory of telephone traffic won him international recognition. His formula for
the probability of loss was accepted by the British Post Office as the basis for calculating

circuit facilities. He was an associate of the British Institution of Electrical Engineers.

Erlang devoted all his time and energy to his work and studies. He never married and often
worked late into the night. He collected a large library of books mainly on mathematics,
astronomy and physics, but he was also interested in history, philosophy and poetry. Friends
found him to be a good and generous source of information on many topics. He was known to
be a charitable man, needy people often came to him at the laboratory for help, which he
would usually give them in an unobtrusive way. Erlang worked for the Copenhagen Telephone
Company for almost 20 years, and never having had time off for illness, went into hospital for
an abdominal operation in January 1929. He died some days later on Sunday, 3rd February
1929.
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Interest in his work continued after his death and by 1944 "Erlang" was used in Scandinavian
countries to denote the unit of telephone traffic. International recognition followed at the end of
World War I1,

References

[1] "The Theory of Probabilities and Telephone Conversations”, Nyt Tidsskrift for Matematik B,
vol 20, 1909.

[2] "Solution of some Problems in the Theory of Probabilities of Significance in Automatic

Telephone Exchanges", Elektrotkeknikeren, vol 13, 1917.

[3] "The life and works of A.K. Erlang", E. Brockmeyer, H.L. Halstrom and Arns Jensen,
Copenhagen: The Copenhagen Telephone Company, 1948.

[4] Proceedings of the C.C.I.F. ("Le comité consultatif international des communications

téléphoniques a grande distance"), Montreux, 1946.

Spojovaci soustavy , verze 1.2 Strana 10 miroslav.voznak@vsb.cz Leden, 2002


http://pass.maths.org.uk/issue2/erlang/index.html
http://pass.maths.org.uk/issue2/erlang/index.html
http://pass.maths.org.uk/issue2/erlang/index.html
http://pass.maths.org.uk/issue2/erlang/index.html
http://pass.maths.org.uk/issue2/erlang/index.html

